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Vertical excursion FFA (vFFA) 
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• Invented in 1955 by Tihiro Ohkawa.
• Re-invented in 2013 by Stephen Brooks.
• Orbit moves vertically when the beams are 

accelerated.
• Path length is constant for all the momenta. 

Momentum compaction factor is zero.
• It was called electron cyclotron.

• Ultra-relativistic particles can be accelerated 
continuously with fixed field magnets.

• Ideal for muon acceleration.
• No ramping of magnetic fields.
• No RF frequency modulation.
• Large momentum ratio from injection to 

extraction, e.g. ~30.
• Wiggling orbits to spread out neutrino.
• Enough vertical aperture is needed.

0.
5 

m

x

x

by Tihiro Ohkawa
Bull. APS 30, 20 (1955)

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

-0.3 -0.2 -0.1  0  0.1  0.2  0.3

z

x and y

hFFA
vFFA

Side view

Top view

Bd Bf

B = B0 exp (my)
<latexit sha1_base64="J3cbX5js85HxLIO66c8ltZDxUs0=">AAACBHicbVDJSgNBEO1xjXGLesylMQjxEmZE0IsQ4sVjBLNAZhh6OjVJk56F7hoxhBy8+CtePCji1Y/w5t/YWQ6a+KDg8V4VVfWCVAqNtv1trayurW9s5rby2zu7e/uFg8OmTjLFocETmah2wDRIEUMDBUpopwpYFEhoBYPrid+6B6VFEt/hMAUvYr1YhIIzNJJfKNauar5NXXhIXQkhlmk0pK4SvT6e+oWSXbGnoMvEmZMSmaPuF77cbsKzCGLkkmndcewUvRFTKLiEcd7NNKSMD1gPOobGLALtjaZPjOmJUbo0TJSpGOlU/T0xYpHWwygwnRHDvl70JuJ/XifD8NIbiTjNEGI+WxRmkmJCJ4nQrlDAUQ4NYVwJcyvlfaYYR5Nb3oTgLL68TJpnFceuOLfnpWptHkeOFMkxKROHXJAquSF10iCcPJJn8krerCfrxXq3PmatK9Z85oj8gfX5A5rjlso=</latexit><latexit sha1_base64="J3cbX5js85HxLIO66c8ltZDxUs0=">AAACBHicbVDJSgNBEO1xjXGLesylMQjxEmZE0IsQ4sVjBLNAZhh6OjVJk56F7hoxhBy8+CtePCji1Y/w5t/YWQ6a+KDg8V4VVfWCVAqNtv1trayurW9s5rby2zu7e/uFg8OmTjLFocETmah2wDRIEUMDBUpopwpYFEhoBYPrid+6B6VFEt/hMAUvYr1YhIIzNJJfKNauar5NXXhIXQkhlmk0pK4SvT6e+oWSXbGnoMvEmZMSmaPuF77cbsKzCGLkkmndcewUvRFTKLiEcd7NNKSMD1gPOobGLALtjaZPjOmJUbo0TJSpGOlU/T0xYpHWwygwnRHDvl70JuJ/XifD8NIbiTjNEGI+WxRmkmJCJ4nQrlDAUQ4NYVwJcyvlfaYYR5Nb3oTgLL68TJpnFceuOLfnpWptHkeOFMkxKROHXJAquSF10iCcPJJn8krerCfrxXq3PmatK9Z85oj8gfX5A5rjlso=</latexit><latexit sha1_base64="J3cbX5js85HxLIO66c8ltZDxUs0=">AAACBHicbVDJSgNBEO1xjXGLesylMQjxEmZE0IsQ4sVjBLNAZhh6OjVJk56F7hoxhBy8+CtePCji1Y/w5t/YWQ6a+KDg8V4VVfWCVAqNtv1trayurW9s5rby2zu7e/uFg8OmTjLFocETmah2wDRIEUMDBUpopwpYFEhoBYPrid+6B6VFEt/hMAUvYr1YhIIzNJJfKNauar5NXXhIXQkhlmk0pK4SvT6e+oWSXbGnoMvEmZMSmaPuF77cbsKzCGLkkmndcewUvRFTKLiEcd7NNKSMD1gPOobGLALtjaZPjOmJUbo0TJSpGOlU/T0xYpHWwygwnRHDvl70JuJ/XifD8NIbiTjNEGI+WxRmkmJCJ4nQrlDAUQ4NYVwJcyvlfaYYR5Nb3oTgLL68TJpnFceuOLfnpWptHkeOFMkxKROHXJAquSF10iCcPJJn8krerCfrxXq3PmatK9Z85oj8gfX5A5rjlso=</latexit><latexit sha1_base64="J3cbX5js85HxLIO66c8ltZDxUs0=">AAACBHicbVDJSgNBEO1xjXGLesylMQjxEmZE0IsQ4sVjBLNAZhh6OjVJk56F7hoxhBy8+CtePCji1Y/w5t/YWQ6a+KDg8V4VVfWCVAqNtv1trayurW9s5rby2zu7e/uFg8OmTjLFocETmah2wDRIEUMDBUpopwpYFEhoBYPrid+6B6VFEt/hMAUvYr1YhIIzNJJfKNauar5NXXhIXQkhlmk0pK4SvT6e+oWSXbGnoMvEmZMSmaPuF77cbsKzCGLkkmndcewUvRFTKLiEcd7NNKSMD1gPOobGLALtjaZPjOmJUbo0TJSpGOlU/T0xYpHWwygwnRHDvl70JuJ/XifD8NIbiTjNEGI+WxRmkmJCJ4nQrlDAUQ4NYVwJcyvlfaYYR5Nb3oTgLL68TJpnFceuOLfnpWptHkeOFMkxKROHXJAquSF10iCcPJJn8krerCfrxXq3PmatK9Z85oj8gfX5A5rjlso=</latexit>

m :
<latexit sha1_base64="1NJudVeKpB5gK5BYIGMutpElza8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKyCNpZRjAkkR9jbzCVLdveO3T0hhPwDGwtFbP1Hdv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DR5NkmmGDJSLRrYgaFFxhw3IrsJVqpDIS2IyGN1O/+YTa8EQ92FGKoaR9xWPOqHXSvbzqlit+1Z+BLJMgJxXIUe+Wvzq9hGUSlWWCGtMO/NSGY6otZwInpU5mMKVsSPvYdlRRiSYczy6dkBOn9EicaFfKkpn6e2JMpTEjGblOSe3ALHpT8T+vndn4MhxzlWYWFZsvijNBbEKmb5Me18isGDlCmebuVsIGVFNmXTglF0Kw+PIyeTyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NYBDDM7zCmzf0Xrx372PeWvDymUP4A+/zB1LVjTU=</latexit><latexit sha1_base64="1NJudVeKpB5gK5BYIGMutpElza8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKyCNpZRjAkkR9jbzCVLdveO3T0hhPwDGwtFbP1Hdv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DR5NkmmGDJSLRrYgaFFxhw3IrsJVqpDIS2IyGN1O/+YTa8EQ92FGKoaR9xWPOqHXSvbzqlit+1Z+BLJMgJxXIUe+Wvzq9hGUSlWWCGtMO/NSGY6otZwInpU5mMKVsSPvYdlRRiSYczy6dkBOn9EicaFfKkpn6e2JMpTEjGblOSe3ALHpT8T+vndn4MhxzlWYWFZsvijNBbEKmb5Me18isGDlCmebuVsIGVFNmXTglF0Kw+PIyeTyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NYBDDM7zCmzf0Xrx372PeWvDymUP4A+/zB1LVjTU=</latexit><latexit sha1_base64="1NJudVeKpB5gK5BYIGMutpElza8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKyCNpZRjAkkR9jbzCVLdveO3T0hhPwDGwtFbP1Hdv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DR5NkmmGDJSLRrYgaFFxhw3IrsJVqpDIS2IyGN1O/+YTa8EQ92FGKoaR9xWPOqHXSvbzqlit+1Z+BLJMgJxXIUe+Wvzq9hGUSlWWCGtMO/NSGY6otZwInpU5mMKVsSPvYdlRRiSYczy6dkBOn9EicaFfKkpn6e2JMpTEjGblOSe3ALHpT8T+vndn4MhxzlWYWFZsvijNBbEKmb5Me18isGDlCmebuVsIGVFNmXTglF0Kw+PIyeTyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NYBDDM7zCmzf0Xrx372PeWvDymUP4A+/zB1LVjTU=</latexit><latexit sha1_base64="1NJudVeKpB5gK5BYIGMutpElza8=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EUKyCNpZRjAkkR9jbzCVLdveO3T0hhPwDGwtFbP1Hdv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DR5NkmmGDJSLRrYgaFFxhw3IrsJVqpDIS2IyGN1O/+YTa8EQ92FGKoaR9xWPOqHXSvbzqlit+1Z+BLJMgJxXIUe+Wvzq9hGUSlWWCGtMO/NSGY6otZwInpU5mMKVsSPvYdlRRiSYczy6dkBOn9EicaFfKkpn6e2JMpTEjGblOSe3ALHpT8T+vndn4MhxzlWYWFZsvijNBbEKmb5Me18isGDlCmebuVsIGVFNmXTglF0Kw+PIyeTyrBn41uDuv1K7zOIpwBMdwCgFcQA1uoQ4NYBDDM7zCmzf0Xrx372PeWvDymUP4A+/zB1LVjTU=</latexit>

y :
<latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit><latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit><latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit><latexit sha1_base64="FG/oxg69hcUrfhpafoKD+rAWk3A=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUDwVvXisYm2hDWWz3bRLN5uwOxFC6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777ZRWVtfWN8qbla3tnd296v7Bo4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfDP1209cGxGrB8wS7kd0qEQoGEUr3WdX/WrNrbszkGXiFaQGBZr96ldvELM04gqZpMZ0PTdBP6caBZN8UumlhieUjemQdy1VNOLGz2eXTsiJVQYkjLUthWSm/p7IaWRMFgW2M6I4MoveVPzP66YYXvq5UEmKXLH5ojCVBGMyfZsMhOYMZWYJZVrYWwkbUU0Z2nAqNgRv8eVl8nhW99y6d3dea1wXcZThCI7hFDy4gAbcQhNawCCEZ3iFN2fsvDjvzse8teQUM4fwB87nD2URjUE=</latexit>

field index
vertical



4

Muon accelerator ring



Design constraints 
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• Circumference is about LHC.
• Top energy is 1.5 TeV per beam.
• Momentum ratio from injection to top energy is about 30.
• Maximum field is no more than 10 T.
• Orbit excursion is less than 0.5 m.



1.5 TeV accelerator in LHC tunnel 
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Energy 50 GeV to 1.5 
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50 GeV to 1.5 
TeV

Cell length 35 m 52.5 m

Magnet length 2 x 15 m 3 x 15 m

# of cell 810 540

Maximum 
field 8.7 T 10.6 T

Field index m 6.8 3.0

Orbit 
excursion 0.50 m 1.13 m

Cell tune 0.3957 / 
0.0861

0.3510 / 
0.1515

FODO FDF

Top view Top view

Fields Fields

Detail Detail
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BfBd

BdBf Bf

BfBf Bd

• Reduction of reverse bending is one of optimisation targets.
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Muon collider ring (arc)



Design constraints 
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• Energy is 1.5 TeV per beam.
• Circumference should be as small as possible.
• Minimise momentum compaction factor (alpha).
• Maximum field is no more than 14 T (use the same criterion of LEMMA accumulator ring).
• Moderate momentum acceptance.



Does vFFA concept help? 
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• Simplified magnet only up to skew quadrupole.
• Lattice keeping the first few multipoles is another direction (will not talk).

y

x

B

By

B0
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vFFA like lattice with only skew Q 
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Skew quadrupole

• vFFA like lattice can be made using upper half of skew Q.
• Tune depends on momentum: non-scaling.
• Momentum compaction factor (alpha) is no longer zero.

Bz

Top view

Side view

Only with skew Q (FODO)

F FF DD

Top view

Side view

Scaling vFFA (FODO)

F FF DD



Radial shift of normal quadrupole FODO
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Normal quadrupole

• Beta functions are the same.
• Dispersion function Dx can be small in ns-FFA lattice configuration.
• Dispersion action function H is minimum in ns-FFA so that 

momentum compaction factor is zero.

Combined function

Top view

Side view
F

FF

DD

Bz

Top view

Side view

F
FF

DD

Top view

Side view

F FF DD

Non scaling FFA (small alpha)Scaling FFA like (large alpha)



Vertical shift of skew quadrupole FODO 
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Skew quadrupole

• Beta functions are the same.
• Dispersion function Dy can be small with larger shift.
• Dispersion action function H is minimum with small Dy 

so that momentum compaction factor is zero.

Top view

Side view
Bz

Top view

Side view

with larger shift (small alpha)
corresponds to horizontal ns-FFAScaling vFFA like (large alpha)

Top view

Side view
F FF DDF FF DD F FF DD



Vertical shift of skew quadrupole FODO 
without reverse bend

13

Skew quadrupole

• Unlike vFFA, orbit could go below the mid-plane of skew 
Q where the sign of vertical field flipped.

• We can eliminate reverse bend.

Combined function

Top view

Side view

Bz

Top view

Side view

Combined function (small alpha)Combined function (large alpha)

Top view

Side view

F
FF

DD F
FF

DD F
FF
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1.5 TeV collider ring 
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Impose constraint of momentum compaction (alpha)= 0.

Top view

Side view
F

FF

DD

with normal Q
Top view

Side view

with skew Q

F
FF

DD



1.5 TeV collider ring 
momentum comp=0, arc only
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Normal FODO

Energy 1.5 TeV
Momentum 
compaction 0

Circumference 6080 m

Cell length 16 m

Magnet length 2 x 6.4 m

# of cell 380

Maximum field 20 T

Field gradient 240 T/m

Cell tune 0.3131 / 0.3131
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1.5 TeV collider ring 
momentum comp=0, arc only
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Skew FODO

Energy 1.5 TeV
Momentum 
compaction 0

Circumference 6080 m

Cell length 16 m

Magnet length 2 x 6.4 m

# of cell 380

Maximum field 14 T

Field gradient 240 T/m

Cell tune 0.3131 / 0.3131
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1.5 TeV collider ring 
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Without constraint of momentum compaction (alpha)= 0.

Minimise circumference.

Top view

Side view
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Side view

F
FF

DD

with normal Q with skew Q



1.5 TeV collider ring 
minimise circumference, arc only
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Normal FODO

Energy 1.5 TeV
Momentum 
compaction 4.32 x 10-4

Circumference 2880 m

Cell length 16 m

Magnet length 2 x 6.4 m

# of cell 180

Maximum field 14 T

Field gradient 240 T/m

Cell tune 0.3119 / 0.3119

-8

-4

 0

 4

 8

 0  4  8  12  16

x 
[m
]

z [m]

n_180c_cf

-1

 0

 1

 0  4  8  12  16

x 
[m
]

z [m]

n_180c_cf

-0.1

-0.05

 0

 0.05

 0.1

 0  4  8  12  16

y 
[m
]

z [m]

n_180c_cf

 15.999

 16

 16.001

-0.1 -0.05  0  0.05  0.1

pa
th
 l
en
gt
h 
[m
]

dp/p

n_180c_cf

 0

 0.1

 0.2

 0.3

 0.4

 0.5

-0.1 -0.05  0  0.05  0.1

tu
ne

dp/p

n_180c_cf

hori
vert

-20

-10

 0

 10

 20

 0  4  8  12  16

B 
[T
]

z [m]

n_180c_cf

By: vertical
Bz: longitudinal

Bx: horizontal

Top view Side viewDetail

Fields

Path L vs dp

Chromaticity

Bd

Bd

Bf

Bf



1.5 TeV collider ring 
minimise circumference, arc only

19

Skew FODO

Energy 1.5 TeV
Momentum 
compaction 4.32 x 10-4

Circumference 2880 m

Cell length 16 m

Magnet length 2 x 6.4 m

# of cell 180

Maximum field 14 T

Field gradient 240 T/m

Cell tune 0.3119 / 0.3119
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Summary 
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• vFFA for muon accelerator
• 1.5 TeV accelerator in LHC tunnel was designed.
• Reverse bend increases the circumference.
• Current design needs 8.7 T magnet.

• Muon collider arc design
• Lattices with normal and skew quadrupoles are classified according to displacement between D and F.

• FFA like (with reverse bend) vs. combined function lattice (normal bend only)
• s-FFA type (large dispersion and alpha) vs. ns-FFA type (small dispersion and alpha).

• Clear advantage on the required magnet strength in skew combined function lattice when momentum 
compaction factor needs to be minimised.

• Need low beta insertion design.



1.5 TeV collider ring 
momentum compactor and maximum field strength
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Skew CF does not need negative bends.
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Thank you for your attention


